In cylindrical multilayered medium, we develop two tool models for electromagnetic (EM) well logging: a metal mandrel winding with a co-axial (tilted) transmitter coil and a tilted (coaxial) receiver coil. The voltages on receivers in those two models are proven to be the same and only zero-order harmonic of EM field need to be considered for voltage calculation. To calculate the voltage, two pseudo-analytical formulae are presented by using the integral of electrical field in spatial and wavenumber domain, respectively. Those two alternative pseudo-analytical formulae can be used to verify calculation accuracy of each other in some scenarios when other numerical methods do not work well. Furthermore, the reflection coefficients of EM fields, consisting of the ratios of the cylindrical functions, are introduced to avoid overflow problems in the numerical integral. Numerical examples corroborate the correctness and stability of the proposed formulae. These formulae help advance the forward modeling and inversion of logging-while-drilling (LWD) azimuthal resistivity measurements and new extra-deep azimuthal resistivity tools (EDAR).
I. INTRODUCTION
In the downhole resistivity survey, tilted coil antennas has shown the capability of providing more information than axial-coil antennas for formation dip, azimuth, and anisotropy, etc. [1] - [8] . In geosteering and reservoir navigation applications, logging-while-drilling (LWD) azimuthal resistivity tools equipped with tilted transmitter and/or receiver coils are used to measure and deliver the directional information associated with formation boundary. Two typical measurement ways of azimuthal tools are employed: a co-axial transmitter coil and a tilted receiver coil, or a tilted transmitter coil and a co-axial receiver coil [9] , [10] .
For the LWD tool, the coil antennas enwound over a metallic mandrel impose severe effects on the EM fields.
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To overcome that effect and boost the signal strength coming from and to slotted antennas, those LWD azimuthal resistivity tools operated at higher frequencies in the range of 0.4-2 MHz and measured the phase difference and amplitude ratio of the voltages between two receiver antennas. With increasing requirements for deeper depth of investigation (DOI) at the scale similar to the seismic measurement resolution [11] , extra-deep azimuthal resistivity tools were developed [12] - [17] . To achieve deeper DOI, according to geometric factor theory in induction logging [18] , the tool requires longer offset ( >10 m) between transmitter and receiver coils and/or relative lower operating frequency (1kHz∼50 kHz). Their phase difference and amplitude ratio (also named tool response) can be defined from the measurements between two receivers at different locations or a single receiver with different measuring azimuth. In such scenarios, a fast and accurate forward algorithm in cylindrical multilayer VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ media is required to simulate the basic characteristics of those tools and analyze the effects of the metal mandrel and borehole. Although many unknowns and uncertainties are influencing the tool response in a complex well logging environment, such as fracture and conductivity anisotropy, and tool eccentricity etc [19] - [22] , the basic characteristics of tool response in the concentric cylindrical formation model is still critical to signal analysis, tool parametric design, and inversion issues. The transmitters and receivers were considered as finite-size tilted and/or co-axial coil antennas. The cylinder enwound by the coil antennas is the drilling collar, while the rest of the cylinders are the borehole, invasion and virgin formation etc. Those brute-force numerical methods, such as finite element and finite difference can handle arbitrary complex reservoir structure and logging environment [23] - [26] , let alone simple configuration. However, it is hard to achieve sufficient high precision for low frequency or high-conductivity-contrast between the metal collar and borehole or the tool with extra-long offset.
On the other hand, the pseudo-analytical method is efficient to deal with the tool response in cylindrical multilayered formation. Some study has been performed for generally tilted and/or co-axial coil antennas in eccentric respect to the borehole [27] - [31] . Loss of cylinder symmetry, their expressions involve all order harmonics of EM field that couple each other and are usually very complex. Even in a concentric cylindrical multilayered formation, all harmonics are still needed to the voltage calculation for a tool with both tilted transmitter and receiver coils as shown in Figure 1 (a). Moreover, their integral kernel converges slowly and oscillates severely. Efficient and accurate evaluation of numerical integrals is still a challenging work for pseudo-analytical methods [34] , [35] .
In this paper, we simplified the voltage expressions for two simplified but practical models to improve the speed and accuracy of the solution when either the transmitter or the receiver (but not both) coil is tilted as shown in Figure 1(b) and 1(c), respectively. For such scenarios, only zero-order harmonic electric fields are required. The voltages of those two typical measurements are proven to be the same in concentric multilayered media. Two alternative pseudo-analytical formulae are presented to calculate the voltage using the integral of electric field in spatial and wavenumber domain, respectively. The latter takes longer calculating time than the former, but avoids the kernel oscillation due to Bessel functions with real arguments. Two alternative pseudo-analytical formulae can be used to verify calculation accuracy of each other in some scenarios when other numerical methods do not work well. The convergence and oscillation of the kernel changed with different model parameters. The integral rule needs fine-tuning to ensure the calculation accuracy for a larger parameter range. To achieve high accuracy and stability in numerical calculation, technically, the primary wave was subtracted from the general solution to accelerate the convergence of the integral kernel. The rest integrand is decomposed into oscillation and attenuation terms. The cubic spline interpolation is adopted to fit the attenuation term. The integral is finally expressed as the summation of algebraic solution. Figure 1 shows the three scenarios for tilted coil antennas in cylindrically concentric multilayered media. For the most general scenario as shown in Figure 1 (a), both transmitter and receiver antennas are tilted coils with arbitrary dip angle and azimuthal angle. Here we assume a time harmonic convention of the form e −iωt . In homogeneous isotropic medium, the voltage at a receiver coil for a unit current source at the transmitter (transimpedance) can be written as [28] 
II. THEORY A. THE VOLTAGE FOR ARBITRARY TILTED TRANSMITTER-RECEIVER COILS
where, e z,ν and e φ,ν are the z-and φcomponents of electrical fields, v is the azimuth mode number, the weighting factors are
and the z-components of EM fields are expressed as
with
and
where, J ν (·) is the v-order first kind of Bessel function, H (1) ν (·) is the v-order first kind of the Hankel function. The notation G ν denotes J ν if the superscript is ''+''; otherwise, it denotes H (1) ν . The prime in (6) denotes a derivative concerning the argument, i.e., G (x) = ∂G (x)/∂x. γ = ω 2 µ (ε + iσ/ω) − k 2 z is the radial wavenumber, k z is the vertical wavenumber, and i = √ −1. The notations σ , ε, and µ are the conductivity, permittivity, and permeability, respectively. ρ R , z R , θ R , and φ R are the radius, z coordinate, dip angle, and azimuthal angle of the receiver coil, respectively. ρ T , z T , θ T , and φ T are the radius, z coordinate, dip angle, and azimuthal angle of the transmitter coil, respectively. The φ-component in (2) can be obtained from z-components as
B. THE VOLTAGE FOR CO-AXIAL TRANSMITTER AND TILTED RECEIVER COIL
When the transmitter antenna is a co-axial coil as shown in Figure 1 (b), we have the dip angle θ T = 0 o . Substituting this into (7), we can obtain c TE = 1 if ν = 0, otherwise, c TE = 0. Taking (5) and (6) into account, all harmonic of the electric field components e z,ν are zeros. Considering the relation (8), it is safe to conclude that the co-axial coil antenna only excites electric field component with zero-order harmonic e φ,0 . Without the loss of generality, we assume the azimuthal angle φ T = φ R = 0 o and z T = 0. Thus, the integral kernel w (k z ) can be dramatically simplified as
Substituting (9) into (1), and take the parity of the integrand into account, thus leading to
for the voltage on a tilted receiver coil relate to a co-axial transmitter coil.
C. THE VOLTAGE FOR TILTED TRANSMITTER AND CO-AXIAL RECEIVER COIL
When the transmitter antenna is a tilted coil as shown in Figure 1 (c) , the electric fields consist of all components e p and h p (p = ρ, φ, z) and all orders harmonic in the spectral domain. After applying Fourier inverse transform, we can obtain corresponding fields in spatial domain.
The voltage on a co-axial receiver coil can be calculated via an integration of tangential component of electric field as
Substituting (11) into (12) and applying the identity 2π 0 e iνφ dφ = 2π, ν = 0 0, other (13) we can obtain the voltage
Obviously, only zero harmonic mode contributes to the voltage on co-axial receiver coil antenna. That is, only e φ,0 contributes to the voltage in (2) . Thus, the expression for voltage also can be simplified as
where e φ,0 is the same as (10), corresponding to the zero harmonic of electric field excited by co-axial transmitter coil. The coefficient J 0 (k z ρ T tan θ T ) can be considered as a weighting factor for electrical field excited by a tilted coil.
Let z T = 0 and take the parity of the integrand into account, and the above expression can be rewritten as
Comparing the expression (17) and (10), they have the same expression in homogeneous medium if we exchange their transmitter and receiver. For cylindrically concentric multilayered medium, each harmonic components of EM field excited by tilted transmitter coil is uncoupled for their reflection and transmission [36] . Hence, we safely came to the conclusion that their voltages in both homogeneous and concentric multilayered cylindrical media satisfy the reciprocity.
D. AN ALTERNATIVE EXPRESSION FOR THE VOLTAGE
For the model as shown in Figure 1 (b), the voltage (10) is calculated directly via the electric field in the spectral domain.
Here, we present an alternative approach for calculating voltage. To be more specific, we first calculate the zero-order tangential component of electric field in spatial domain, and then calculate the voltage through a loop integral of electric field. As illustrated in Figure 2 , the coordinate of the p-position on the coil is
A differential displacement vector along the tilted coil is
The voltage for tilted coil gives
Geometry for the tilted coil and the electrical field excited by a co-axial transmitter coil in a concentrically cylindrical multilayered medium.
Although the expression for voltage are divided into two integral, the integral kernels of them are not oscillatory, which is helpful for achieving stable and accuracy numerical results. We will discuss this problem in subsection F.
E. THE EM FIELD IN BOREHOLE
Here, we consider a three-layer medium for LWD application. The transmitter and receiver are embedded in the 2th layer. The z-direction component of EM field with zero-order harmonic in spectral domain is expressed as [37] e z h z = H
The last terms on the right-hand side of (23) and (24) are the primary waves generated by the co-axial coil in a homogeneous medium. The outgoing wave H
0 (γ 2 ρ) and standing wave J 0 (γ 2 ρ) exist due to the reflection and transmission from the interfaces. There are two unknown coefficients a 2 and b 2 , corresponding to outgoing and standing waves, and two sets of equations are required to determine them. Applying the concept of reflection [37] , the outgoing wave at the interface ρ = ρ 1 can be considered as a reflection of a standing wave as
where 2,1 is the reflection coefficient at inner interface. Similarly, at the interface ρ = ρ 2 , the standing wave can be considered as a reflection of an outgoing wave as
where 2,3 is the reflection coefficients at outer interface. Solving for a 2 and b 2 in (25) and (26) gives .
Considering the metallic mandrel as perfect conductor, the diagonal elements further give as 11 2,1 = −1,
Submitting (27) and (28) into (23) or (24) , we obtain the z-component of electric field in the 2th layer. By using the relationship (8) we obtain the corresponding tangential component of electric field.
F. NUMERICAL INTEGRAL OF THE VOLTAGE
Two challenges will be encountered to calculate the voltage by using (10) while ρ R = ρ T . The first problem is that the integrand converges algebraically at a rather slow rate, the second issue is that the integrand oscillates quickly. Let us analyze the integrand item by item. The integrand in (10) consists of three parts: the integral kernel e φ,0 , cosine function cos (k z z R ), and the weighting factor J 0 (k z ρ R tan θ R ).
Firstly, we considering the integral kernel e φ,0 . From (23) or (24), we can find that the total field is just a superposition of reflection field and primary filed. According to numerical analysis [37] , the primary field converges very slowly. To accelerate the convergence of the integral kernel, we first subtract the primary field from the total field, and then add the corresponding voltage back. Figure 3 shows the convergence of the kernel with and without the primary field, corresponding to the total field and the reflection field, respectively. Obviously, the reflection field converges rapidly. The voltage related to the primary field is written in terms of an integral over the spatial variables as following, [28] with
The oscillation of integrand is dominated by the cosine function cos (k z z R ) and weighting factor J 0 (k z ρ R tan θ R ). As shown in Figure 4 , the lager the offset z R is, the quicker oscillation of function cos (k z z R ) will be, and the larger relative dip θ R is, the quicker oscillation of weighting factor J 0 (k z ρ R tan θ R ) will be. Between them, the cosine function oscillates more severely. To achieve high numerical accuracy, the product J 0 (k z ρ R tan θ R ) e φ,0 is first fitted by the cubic spline interpolation. Then, the voltage (10) can be rewritten as following summation,
where, C j,l is coefficient of the cubic spline between the sampling points k z,j and k z,j+1 . N u is total number of the sampling points. The integral in (32) is easily calculated due to an algebraic solution. The truncated upper limit k z = 2000 is enough for most cases. There are about 50 zero points of Bessel function. Distribution of sampling points according to logarithmic rule and ensure at least two sampling points between two zero points. Applying the same approach to the expression (21), we obtain the electric field E φ,0 in spatial domain. Its integral kernel avoids the oscillation from the weighting factor J 0 (k z ρ R tan θ R ), which leads to higher stability in numerical integral. Due to the integral kernel in (20) , the electric field E φ,0 attenuates smoothly along the z direction as shown in Figure 5 . Hence, the voltage can be solved accurately and stably in such way. On the other hand, the calculation efficiency mainly depends on numerical integral method for such pseudo-analytic method. With the same numbers of interpolation points, it costs almost the same time between calculating the electric field E φ,0 using (21) and the voltage using (10) , which causes that much more calculating time is needed to obtain the voltage by using (20) .
III. NUMERICAL RESULTS

A. NUMERICAL RESULTS FOR THE LWD
First, we validate our new formulae against the results from the FD method [26] . The inner layer is the metallic mandrel, whose radius is 3.25 in, and the conductivity is 10 8 S/m. The middle layer is borehole, whose radius is 6 in and the conductivity is 0.1 S/m. The outer layer is virgin zone, and the conductivity σ f changes from 0.001 to 10 S/m. The transmitter is a co-axial coil, and the receiver is a tilted coil with relative dip θ R = 45 o . Both of them are embedded in borehole, and their radii are both equal to 3.8 in. Assume the current intensity I T = 1 A, the frequency is 2MHz, and the center of receiver is at z R = 1 m. The relative permittivity and the permeability of each layer is equal to one. As shown in Figure 6 , the real part and imaginary part of voltage varies with formation conductivity. It is obvious that excellent agreement is achieved, which demonstrates the validity of two new proposed pseudo-analytical formulae.
In Figure 7 , four cases are used to investigate the effects on voltage from metallic mandrel and borehole. The notation ''mandrel_borehole _formation'' means the same model parameters as that in Figure 6 . ''mandrel_formation'' means the above model without the borehole. ''bore-hole_formation'' means the mandrel is absent. Finally, ''formation'' means the transmitter and receiver coils imbedded in homogeneous medium without mandrel and borehole. It can be observed that the borehole effects are small whatever the metallic mandrel present or absent. The metallic mandrel has great influence compared to the borehole. The voltage intensities of both real part and imaginary reduce about one order magnitude while the mandrel is present, but the characteristics of voltage curves keep almost consistent. Figure 8 shows the phase difference (PD) and amplitude ratio (AR) between the voltages of the two receivers, are defined as:
where θ and A denote the phase and magnitude of the voltages induced in the receivers, respectively, and the subscripts r 1 and r 2 refer to the receivers at 1.0m and 0.8m, respectively. Obviously, the borehole has almost no effect on AR and PD. Only slight effect from the mandrel can be observed for the AR.
We change the borehole size as shown in Figure 8 . The amplitude ratio for low formation conductivity σ f = 0.001 S/m increases slightly, and the phase difference is almost unchanged. By contrast, the phase difference for high formation conductivity σ f = 1 S/m increases slightly, and the amplitude ratio is almost unchanged. Figure 10 shows the effect of mandrel radius. The coils radii are equal to the mandrel radius plus 0.75 inch. It can be observed that the ratios decrease slightly for both cases, and the phase differences are almost unchanged. 
B. THE RESULTS FOR THE EDAR
In this subsection, we investigate the metallic mandrel and borehole effects on the voltages of EDAR tool with low frequency and long offset. Assume the frequency is 20 kHz and the offset is 10 m. The 3D finite difference method requires extremely large computation cost due to the meshing difficulty because of the thin but long borehole. High-conductivity-contrast between the metallic mandrel and borehole with low operating frequency also deduce the accuracy in numerical calculation. To ensure the numerical results are reliable in such scenario, we compare the results obtained from two pseudo-analytical formulae (10) and (20) . As shown in Figure 11 , good agreement is observed. Figure 12 shows the voltage varies with the formation conductivity. It can be observed that the borehole effect appears obviously while the formation conductivity bigger than 1 S/m. The metallic mandrel effects are great from low to high formation conductivities. Fig. 13 shows the voltage varies with the offset while the formation conductivities are 0.01S/m and 1S/m, respectively. It can be observed only slightly borehole effects while formation conductivity is low. The borehole effects appear obviously for high formation conductivity while the offset larger over 5m. The metallic mandrel effects are great from low to high formation conductivities. Fig. 14 shows that the voltage varies with the frequency while the formation conductivities are 0.01S/m and 1S/m, respectively. The voltage curves change in monotonic interval for low formation conductivity. By contrast, the voltage curves fluctuate obviously for high formation conductivity.
The borehole effect increases with the frequency. The effects from the metallic mandrel are significant for those cases. Figure 15 shows that the effects of metallic mandrel on the amplitude ratio and the phase difference while two receivers located at 10m and 8m, respectively. While the metallic mandrel is present or absent, their ARs keep good consistence for low formation conductivity, the mandrel effects can be easily corrected for data processing. By contrast, the mandrel effect on PD is more complex and hard to be corrected especially for high formation conductivity.
IV. CONCLUSION
Two typical tool models are discussed in cylindrical multilayered media for electromagnetic (EM) wave well logging. Their voltages are shown to be the same. Two pseudo-analytical formulae are presented to calculate the voltage using the integral of electrical field in spatial and spectral domain, respectively. To achieve high accuracy and stability in numerical integral, the primary wave was subtracted from the general solution to accelerate the convergence of the integral kernel and a sampling rule of the cubic spline interpolation is provided. Numerical examples show the metallic mandrel and borehole effects on the voltages of single receiver and the ratio/phase difference between two different receivers. Those effects are indispensable for the correction of extra-deep azimuthal resistivity tool, when the formation has high conductivity.
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